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The onset of the era of fully-programmable
error-corrected quantum computers will be
marked by major breakthroughs in all areas of
science and engineering. These devices prom-
ise to have significant technological and soci-
etal impact, notable examples being the ana-
lysis of big data through better machine learn-
ing algorithms and the design of new materials.
Nevertheless, the capacity of quantum computers
to faithfully implement quantum algorithms re-
lies crucially on their ability to prepare spe-
cific high-dimensional and high-purity quantum
states, together with suitable quantum measure-
ments. Thus, the unambiguous certification of
these requirements without assumptions on the
inner workings of the quantum computer is crit-
ical to the development of trusted quantum pro-
cessors. One of the most important approaches
for benchmarking quantum devices is through
the mechanism of self-testing [1–3] that requires
a pair of entangled non-communicating quantum
devices [4]. Nevertheless, although computation
typically happens in a localized fashion, no local
self-testing scheme is known to benchmark high
dimensional states and measurements. Here, we
show that the quantum self-testing paradigm can
be employed to an individual quantum computer
that is modelled as a programmable black box by
introducing a noise-tolerant certification scheme.
We substantiate the applicability of our scheme
by providing a family of outcome statistics whose
observation certifies that the computer is pro-
ducing specific high-dimensional quantum states
and implementing specific measurements.
Classical computing devices store and manipulate se-
quences of binary numbers, which are called bits, to
perform computational tasks of the utmost social sig-
nificance such as healthcare scheduling, weather predic-
tion, and routing of vehicles. However, as the number
of variables involved in a computational task grows bey-
ond a limit, such as in the simulation of 50 − 60 spin
half particles, even state-of-the-art supercomputers fail
spectacularly to carry out the required computations.
∗ equal contribution
Harnessing the properties of quantum theory to carry
out computations beyond the reach of classical super-
computers is one major objective of quantum informa-
tion processing. Quantum algorithms choreograph the
state of a number of qubits (the quantum analogue of
classical bits) in an intelligent fashion, which in turn al-
lows to perform highly complex computations. This fur-
ther requires the error corrected programmable universal
quantum computer to be able to generate some specific
quantum states and perform specific measurements on
them. Such a requirement is a necessary condition and
must be fulfilled by these powerful futuristic devices.
In a faithfully minimimalistic scenario, developing
trust in the functionality of quantum devices necessitates
schemes for certification and benchmarking that do not
rely on any assumptions concerning the inner working
of the devices. One of the most important approaches
for establishing trust in third-party quantum hardware
is via self-testing [1, 5–9], where the quantum appar-
atus is modelled as a black box. In this setting, interac-
tions with the device correspond to measurements, and
self-testing leads to guarantees regarding the uniqueness
of the measurement settings and the underlying state
preparation, based solely on the measurement statist-
ics. The first approach to self-testing relied on the use of
Bell inequalities, i.e., linear expressions involving prob-
abilities of measurement-outcome events that can be car-
ried out in a Bell experiment [10]. Self-testing based
on Bell experiments is a powerful technique allowing to
develop insights about the inner working of a pair of
non-communicating entangled devices. However, com-
puting typically takes place in a localized setting and
consequently, any scheme for benchmarking a progam-
mable quantum computer must be of a local nature to
be of any practical relevance. The first such local self-
testing scheme was introduced recently in [11] within the
framework of contextuality, a broad generalization of Bell
non-locality [10, 12]. However, the contextuality-based
self-testing scheme from [11] was limited in scope due to
its applicability to three dimensional quantum systems
only. As the dimensional of the Hilbert space correspond-
ing to a quantum computing device grows exponentially
as a function of the number of qubits, this naturally leads
to the problem of identifying local certification schemes
for arbitrary high dimensionality.
In this article, we provide a contextuality-based self-
testing scheme for local certification of programmable
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2quantum devices of arbitrary high dimensionality. A con-
textuality scenario is characterized by a set of measure-
ment events, where two events are mutually exclusive
if they correspond to same measurement but different
outcomes. The exclusivity relations between the meas-
urement events can be conveniently encoded as edges in
an undirected graph, called the exclusivity graph. The
seemingly simple idea to use graphs to represent ex-
clusivity relations has spearheaded the development of
a new line of research at the interface of graph theory
and contextuality [13]. The linear inequalities, the vi-
olation of which witnesses contextuality, are referred to
as non-contextuality inequalities. Bell inequalities are
a special type of non-contextuality inequalities where
the “contexts” are provided via the space-like separation
of the parties involved [10, 14]. The first “local” non-
contextuality inequality violated by quantum theory was
identified by Klyachko, Can, Binicioğlu and Shumovsky
(KCBS) [15]. The bound on a non-contextuality inequal-
ity in a non-contextual hidden variable (NCHV) model
is called the NCHV bound. Quantum theory violates
the NCHV bound for suitably chosen state and measure-
ment settings and thus manifests as a contextual the-
ory. To any exclusivity graph we associate a “canon-
ical” non-contextuality inequality. Furthermore, we say
that a graph is self-testable, if the corresponding non-
contextuality inequality admits self-testing. The main
contributions of this work can be summarized as follows:
We give a local and robust self-testing scheme for cer-
tifying high-dimensional programmable quantum devices
based on contextuality (see Figure 1).
As a key ingredient in the scheme, we show that the
family of odd anti-cyclic graphs with at least five ver-
tices are self-testable. Additionally, we extend the pro-
tocol given in [11] (which only provides sufficient con-
ditions for self-testing), in order to determine if a given
graph is provably non-self-testable (see Appendix F). In
particular, we show that not all graphs with a positive
gap between NCHV bound and the maximum quantum
bound for the corresponding canonical non-contextuality
inequality admits self-testing by providing an explicit
counterexample.
Graph approach to contextuality— An arbitrary experi-
mental scenario can be characterized by a set of measure-
ment events e1, . . . , en. Two events are mutually exclus-
ive if they correspond to same measurement but different
outcomes. The exclusivity structure of a set of measure-
ment events is captured by the exclusivity graph, denoted
Gex, with nodes {1, . . . , n} (denoted by [n]) correspond-
ing to events {ei}ni=1. Two nodes i and j are adjacent
(denoted by i ∼ j) if ei and ej are mutually exclusive.
Given an experimental scenario with exclusivity graph
Gex, a theory assigns probability to the events corres-
ponding to its vertices. The mapping p : [n] → [0, 1],
where pi + pj ≤ 1, for all i ∼ j is called a behaviour.
Here, the non-negative numbers pi refer to the probab-
ility of the event ei. We call a behaviour p determin-
istic non-contextual if all the probabilities pi are either
Select a self-
testable 
graph
Program the 
optimal 
configuration
Perform the 
experiment 
and generate 
statistics
Figure 1. The local certification scheme proceeds in three
steps. In step 1, we select a self-testable graph. Then we
proceed to program the optimal configuration corresponding
to the graph in the quantum computer. In the last step, we
carry on the contextuality experiment and generate the meas-
urement statistics. If the measurement statistics correspond
to optimal quantum violation, it implies that the device imple-
mented the settings as per the program (upto an isometry).
If it reaches close to the optimal violation, the robustness
of our scheme still provides confidence about the fidelity of
the intended operation with the implemented operation. If it
fails (i.e., gives an output outside a pre-established confidence
neighbourhood of the extremal value), the protocol indicates
that the device is not performing reliably.
0 or 1 and the occurrence of a event does not depend on
the possibility of occurrence of other events. The con-
vex hull of all deterministic non-contextual behaviours
form a polytope, denoted by Pnc(Gex), which contains all
possible non-contextual behaviours for the experimental
scenario encoded by the graph Gex. The behaviours which
lie outside Pnc(Gex) are contextual behaviours. The set of
non-contextual behaviours are bounded by finitely many
halfspaces, which are called non-contextuality inequal-
ities. Formally speaking, non-contextuality inequalities
correspond to linear inequalities of the form∑
i∈[n]
wipi ≤ Bnc(Gex, w), ∀p ∈ Pnc(Gex), (1)
where w1, . . . , wn ≥ 0 and Bnc(Gex, w) are real scalars.
The non-contextuality inequalities with all the weights
{wis} equal to one will be referred to as canonical non-
contextuality inequalities. By definition, Bnc(Gex, w) cor-
responds to the NCHV bound on the linear expression∑
i∈[n] wipi and is also equal to the independence num-
ber of the exclusivity graph Gex, defined as the cardinality
of the largest set of pairwise non-adjacent nodes of Gex
[13]. A quantum behaviour has the following form:
pi = tr(ρΠi),∀i ∈ [n] and tr(ΠiΠj) = 0, for i ∼ j, (2)
for some quantum state ρ and quantum projectors
Π1, . . . ,Πn acting on a Hilbert space H. An ensemble
ρ, {Π}ni=1 satisfying (2) is called a quantum realisation
of the behavior p. For a given quantum behaviour p,
3there can be multiple quantum realisations. The set of
quantum behaviours is a convex set, which we denote
by Pq(Gex). The maximum value of the linear expres-
sion
∑
i∈[n] wipi, as p ranges over the set of quantum
behaviors Pq(Gex) can exceed the classical bound. We
will denote the maximum attainable quantum value by
Bcq(Gex, w). Interestingly, Bcq(Gex, w) is equal to the
Lovász theta number of the graph Gex and admits a for-
mulation as a tractable optimisation problem known as
a semidefinite program [13] (see Methods Section).
Robust self-testing— Informally speaking, a non-
contextuality inequality I is said to self-test a quantum
realisation ρ, {Π}ni=1 if it achieves the quantum bound for
the non-contextuality inequality I and furthermore, all
other quantum realisations which achieve the quantum
bound corresponding to I are equivalent to ρ, {Π}ni=1 up
to global isometry. For a formal definition, the reader
is referred to Section B in the Appendix. As discussed
in [11], the essential ingredient in proving self-testing res-
ults for a non-contextuality inequality I with underlying
exclusivity graph Gex is that the corresponding Lovász
theta semidefinite program (cf. (PG)) has an unique op-
timal solution. In the case of the KCBS inequality, the
exclusivity graph is a pentagon. The configuration cor-
responding to optimal quantum violation admits an um-
brella structure (see Figure 2). The KCBS inequality has
been generalized to odd n-cycle exclusivity graphs, which
are called KCBSn inequalities. The KCBSn inequalities
are the canonical non-concontextuality inequalities for an
odd cycle graph and admit robust self-testing [11].
Self-testing anti-cycles— Building on the link between
graph theory and contextuality [16], in combination with
the strong perfect graph theorem [17], it was shown in
[13, 16] that the presence of certain exclusivity struc-
tures is a necessary and sufficient condition for a non-
contextuality scenario to witness quantum contextuality.
These fundamental exclusivity structures correspond to
an odd number of events that are either cyclically or anti-
cyclically exclusive. In the graph theory literature, odd
cycles and odd anti-cycles are called odd holes and odd
anti-holes respectively. The canonical non-contextuality
inequality for an anti-hole is given by:
n∑
i=1
pi ≤ 2, for all p ∈ Pnc
(
Cn
)
, (3)
which we call anti-hole inequalities and correspond to fa-
cets of the classical polytope for Cn. The quantum bound
for the anti-hole inequalities, i.e., the Lovász theta num-
ber for Cn is
1+cos pin
cos pin
. A canonical quantum ensemble
which achieves the quantum value for the anti-hole in-
equalities corresponding to odd n is given by n − 2 di-
mensional quantum state and projectors. In fact the di-
mension of quantum system achieving optimal quantum
violation of anti-hole inequalities must be n−2 for odd n.
We provide a proof of the aforementioned claim in Ap-
pendix D. Moreover, we show that the anti-hole inequal-
Figure 2. The geometry corresponding to the unique optimal
configuration of C5 looks like an umbrella. The handle of the
umbrella is the quantum state and the vectors corresponding
to the projectors are the spokes of the umbrella.
ities admit robust self-testing. This fact is proven in the
Appendix (Sections B and C).
As the presence of holes and/or anti-holes in a con-
textuality scenario dictates the possibility of quantum
advantage [16], our result regarding anti-hole self-testing
in combination with [11] imply that all non-contextuality
inequalities which are fundamental to quantum theory ad-
mit local robust self-testing. This is because the gener-
alized KCBS and anti-hole inequalities are the unique
facet-defining non-contextuality inequalities for their re-
spective odd hole and anti-hole exclusivity scenarios [18].
A new local certification scheme—Leveraging our self-
testing results we propose a local certification scheme
that proceeds in three phases described below:
1. Graph selection: Choose a self-testable graph using
the algorithm detailed in Figure 3. In particular,
one can use the anti-cycle graphs for benchmarking
arbitrary high-dimensional quantum realisations.
2. Configuration coding: Solve the Lovász theta SDP
corresponding to the graph chosen in Step 1 and
compute the unique optimal configuration using the
gram vectors of the solution. Next, program the
device to create this configuration.
3. Experimentation: Perform a contextuality exper-
iment using this configuration and generate the
measurement statistics. If the statistics achieve the
Lovász theta bound or is within a pre-established
confidence neighbourhood, we trust the device.
Otherwise, the protocol indicates that the device
is not performing as a reliable and sufficiently non-
noisy quantum computer.
Conclusion— One of the central problems in quantum
computation is to devise protocols that allow an effi-
cient classical machine (also known as verifier) to verify
the computation done by an efficient quantum machine
(also known as prover) [19]. An important approach
4has been proposed for a weaker variant of the problem
where the verifier has access to a small quantum com-
puter of her own, or she has to verify two entangled
non-communicating provers [4, 20–23], which relies on
self-testing properties of parallel CHSH games. More im-
portantly, the self-testing nature of parallel CHSH games
along with protocols for state and process tomography
and computation by teleportation, [4] devised a method
for realising arbitrary quantum dynamics without assum-
ing anything about the internal structure of the non-
communicating quantum devices. In a seminal paper,
Mahadev provided an affirmative answer to the prob-
lem involving a single verifier and a single prover [24].
The scheme requires a complexity-theoretic assumption,
i.e., the verifier has access to post-quantum crypto-
graphy, which the efficient quantum prover can not break.
Though our scheme depends on the self-testing proper-
ties of local non-contextuality inequalities, further work
needs to be done for realising arbitrary dynamics in a way
similar to [4]. The classical simulation of the outcome
statistics corresponding to our scheme requires systems
of higher dimension [25–28] and has a thermodynamical
extra cost [29]. The only assumption made in our frame-
work is that measurements are projective, which can be
tested experimentally [30].
METHODS
The main tool we use in this work to show that anti-
hole inequalities admit robust self-testing is Theorem 1,
shown in [11], which provides a sufficient condition for a
graph to be self-testable. This result relies crucially on
the rich properties of a powerful class of mathematical
optimisation models, known as Semidefinite programs
(SDPs) (see Appendix A). SDPs constitute a vast gener-
alisation of linear optimisation models where scalar vari-
ables are replaced by vectors and the constraints and ob-
jective function are affine in terms of the inner products
of the vectors. Equivalently, collecting all pairwise inner
products of these vectors in matrix, known as the Gram
matrix, an SDP corresponds to optimising a linear func-
tion of the Gram matrix subject to affine constraints.
Analogously to linear programs, to any SDP there is an
associated a dual program whose value is equal to the
primal under reasonable assumptions. Next, we single
out certain properties of primal-dual solutions that are of
relevance to his work. A pair of primal dual optimal solu-
tions (X∗, Z∗) with no duality gap (i.e. tr(X∗Z∗) = 0),
satisfies strict complementarity if the Range(X∗) and
Range(Z∗) give a direct sum decomposition of the under-
lying space. Furthermore, an optimal dual solution Z∗
with rank r is dual nondegenerate if the tangent space at
Z∗ of the manifold of symmetric matrices with rank equal
to r together with the linear space of matrices defining
the SDP span the entire space of symmetric matrices. In
this work we focus on the Lovász theta SDP, see (PG) in
Appendix B. The proof of our main result involves two
main steps. First, we construct a dual optimal solution
of (DG) for an odd-cycle graph by providing an expli-
cit mapping between the Gram vectors of a primal (PG)
optimal solution of an odd-cycle graph and the Gram vec-
tors of a dual optimal solution of the complement graph;
see Theorem 2 for details. Next, once we construct a
dual optimal solution, we show in Theorem 3 that it sat-
isfies the non-degeneracy conditions given in (B3). By
Theorem 1 , this shows that anti-hole inequalities admit
robust self-testing. Details of the proofs can be found
in Appendix C. Additionally, we show that not all graphs
admit self-testing by providing a counter example of such
a graph (see Appendix F). The overall scheme for de-
termining whether a graph is self-testable (equivalently
whether the primal optimal solution of the Lovász theta
SDP corresponding to that graph is unique or not) is
provided in the form of a flowchart in Figure 3.
Given a pair of primal dual optimal solutions  
 (X*, Z*)
Does strict-
complimentarity  
hold ?
Is Z* non-
degenerate?
Is Z* non-
degenerate?
Yes 
Yes 
X*  is unique 
No
No
X* is not unique 
Yes 
X*  is unique 
Inconclusive*
No
Figure 3. Flowchart for determining (non)uniqueness of
primal solution(s). The (∗) refers to the fact that one can
still hope to arrive at a definitive answer by restarting the
algorithm using a different dual optimal solution (if it exists).
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Appendix A: Semidefinite programming basics
A semidefinite program (SDP) is given by an optim-
isation problem of the following form
sup
X
{〈C,X〉 : X ∈ Sn+, 〈Ai, X〉 = bi (i ∈ [m])} , (P)
where Sn+ denotes the cone of n×n real positive semidefin-
ite matrices and 〈X,Y 〉 = tr(XTY ). The corresponding
6dual problem is given by
inf
y,Z
{
m∑
i=1
biyi :
m∑
i=1
yiAi − C = Z ∈ Sn+
}
. (D)
A pair of primal-dual optimal solutions (X∗, Z∗) with no
duality gap (i.e. tr(X∗Z∗) = 0), satisfies strict comple-
mentarity if
rank(X∗) + rank(Z∗) = n. (A1)
Lastly, an optimal dual solution Z∗ is called dual nonde-
generate if the linear system in the symmetric matrix
variable M
MZ∗ = Tr(MA1) = . . . = Tr(MAm) = 0,
only admits the trivial solution M = 0.
Central to this work is the Lovász theta SDP corres-
ponding to a graph G, whose primal formulation is:
ϑ(G) = max
n∑
i=1
Xii
s.t. Xii = X0i, i ∈ [n],
Xij = 0, i ∼ j,
X00 = 1, X ∈ S1+n+ ,
(PG)
and the dual formulation we use is given by:
ϑ(G) = min Z00
s.t. Zii = −(2Z0i + 1), i ∈ [n],
Zij = 0, i  j,
Z ∈ S1+n+ .
(DG)
Appendix B: Robust self-testing
To prove our main result we use the following
definitions from [11]. A non-contextuality inequality∑
i∈[n] wipi ≤ Bnc(Gex, w) is a self-test for the realisa-
tion {|ui〉〈ui|}ni=0 if:
1. {|ui〉〈ui|}ni=0 achieves the quantum supremum
Bqc(Gex, w);
2. For any other realisation {|u′i〉〈u′i|}ni=0 that also
achieves Bqc(Gex, w), there exists an isometry V
such that
V |ui〉〈ui|V † = |u′i〉〈u′i|, 0 ≤ i ≤ n. (B1)
Furthermore, a non-contextuality inequality∑
i∈[n] wipi ≤ Bnc(Gex, w) is an (, r)-robust self-
test for {|ui〉〈ui|}ni=0 if it is a self-test, and furthermore,
for any other realisation {|u′i〉〈u′i|}ni=0 satisfying
n∑
i=1
wi|〈u′i|u′0〉|2 ≥ Bqc(Gex, w)− ,
there exists an isometry V such that
‖V |ui〉〈ui|V † − |u′i〉〈u′i|‖ ≤ O (r) , 0 ≤ i ≤ n. (B2)
The proof of our main result hinges on the following
theorem (first introduced in [11]):
Theorem 1. Consider a non-contextuality inequality∑n
i=1 wipi ≤ Bnc(Gex, w). Assume that
1. There exists an optimal quantum realisation
{|ui〉〈ui|}ni=0 such that∑
i
wi|〈ui|u0〉|2 = Bqc(Gex, w)
and 〈u0|ui〉 6= 0, for all 1 ≤ i ≤ n, and
2. There exists a dual optimal solution Z∗ for the SDP
(DG) such that the homogeneous linear system
M0i = Mii, for all 1 ≤ i ≤ n,
Mij = 0, for all i ∼ j,
MZ∗ = 0,
(B3)
in the symmetric matrix variable M only admits
the trivial solution M = 0.
Then, the non-contextuality inequality is an (, 12 )-robust
self-test for {|ui〉〈ui|}ni=0.
Appendix C: Self-testing anti-hole inequalities
The anti-hole non-contextuality inequalities are given
by
∑n
i=1 pi ≤ 2 for all p ∈ Pnc
(
Cn
)
. The quantum bound
for the anti-hole inequalities, i.e., the Lovász theta num-
ber for Cn is
1+cos pin
cos pin
[31]. A canonical quantum ensemble
which achieves the quantum value for the anti-hole in-
equalities corresponding to odd n is given by n − 2 di-
mensional quantum state and projectors. Explicitly, the
quantum state is
|v0〉 = (1, 0, · · · , 0)T , (C1)
but the description of the projectors {Πj = |vj〉〈vj |}nj=1
is more involved [16]. Let us denote the k-th compon-
ent of |vj〉 corresponding to projector Πj as vj,k. For
0 ≤ j ≤ n− 1 and 0 ≤ k ≤ n− 3,
vj,0 =
√
ϑ(Cn)
n
(C2)
vj,2m−1 = Tj,m cosRj,m (C3)
vj,2m = Tj,m sinRj,m (C4)
7for m = 1, 2, · · · n−32 and
Tj,m = (−1)j(m+1)
√√√√2 cos(pin ) + (−1)m+1 cos( (m+1)pin )
n cos pin
,
(C5)
Rj,m =
j(m+ 1)pi
n
. (C6)
For the anti-hole non-contextuality inequalities, the en-
semble described above achieves the quantum value and
satisfies the first condition of Theorem 1. It remains to
establish the existence of a dual optimal solution for the
SDP corresponding to the Lovász theta number of anti-
hole graphs such that the conditions in (B3) are satisfied.
Towards this goal, we first proceed to provide the explicit
form of the dual optimal solution.
Theorem 2. Let X∗ = Gram(v0, v1, · · · , vn) be the
unique optimal solution for (PCn). Then,
Z∗n = ϑ(Cn)Gram(−v0, v1, · · · , vn),
is a dual optimal solution for (DCn). Another useful ex-
pression for Z∗n is given by:
Z?n =
[
ϑ(Cn) −e>
−e circ(u)
]
∈ R(1+n)×(1+n), (C7)
where e is the vector of all ones of length n,
u = (1, ϑ(Cn)〈v1|v2〉, · · · , ϑ(Cn)〈v1|vn〉),
and circ(·) maps an n-dimensional vector and outputs the
corresponding circulant matrix.
Proof. It was shown in [11] that (PCn) admits a unique
optimal solution X∗. For any k = 0, 1, . . . , n − 1, the
map taking i → i + 1 (modulo n) is an automorph-
ism of Cn (i.e., a bijective map that preserves adjacency
and non-adjacency). In particular, this implies that X∗
is circulant and furthermore, constant along each band.
Specifically, all diagonal entries of X∗ are equal, and as
ϑ(Cn) =
∑
i=1X
∗
ii, it follows that
〈vi|vi〉 = X∗ii = ϑ(Cn)/n. (C8)
Analogously, for a pair of indices i, j with |i− j| = k we
have that X∗ij = 〈v1|vk+1〉. Moreover, be feasibility of
X∗ we have that X∗00 = 〈v0|v0〉 = 1. Thus Z∗00 = ϑ(Cn)
has the correct value and it remains to show that Z∗ is
feasible. Next, by feasibility of X∗ we have that X∗ij =
〈vi|vj〉 = 0, when i ∼ j in Cn. Thus, by definition of Z∗
we have that Z∗ij = ϑ(Cn)〈vi|vj〉 = 0 for all edges of Cn.
Finally we show that Z∗ii = −(2Z∗0i + 1), i ∈ [n]. Indeed,
Z∗ii = 〈vi|vi〉ϑ(Cn) =
ϑ(Cn)
n
ϑ(Cn) = 1,
where we used (C8) and that ϑ(Cn)ϑ(Cn) = n (see The-
orem 8 of [32]). To finish the proof we note that
−(2Z∗0i + 1) = −(2ϑ(Cn)〈−v0|vi〉+ 1)
= 2ϑ(Cn)〈v0|vi〉 − 1
= 2ϑ(Cn)〈vi|vi〉 − 1
= 1.
(C9)
where the second last equality follows from the constraint
that 〈v0|vi〉 = 〈vi|vi〉 for i ∈ [n] and the last equality
follows by substituting 〈vi|vi〉ϑ(Cn) = 1.
Finally, we show that the dual optimal solution satisfies
the conditions in B3.
Theorem 3. The dual optimal solution Z∗, correspond-
ing to the complement of an odd-cycle graph satisfies the
conditions in B3.
Proof. We show that for any odd n, the only symmetric
matrix M ∈ R(1+n)×(1+n) satisfying
M00 = 0, M0i = Mii, Mij = 0 (∀ i ∼ j), MZ∗ = 0,
(C10)
is the matrixM = 0, where i ∼ j here refers to an edge in
the Cn graph. Barring the MZ∗ = 0 constraint, the rest
already guarantee that there are at most 2n potentially
non-zero entries in the M matrix (not counting the re-
peated entries) corresponding to Cn graph. Let the first
row of M be (0,m1,m2, · · · ,mn). We fill the rest of the
potential non-zero slots inM withmn+1,mn+2, · · · ,m2n.
For example for n = 7, we have
M7 =

0 m1 m2 m3 m4 m5 m6 m7
m1 m1 m8 0 0 0 0 m14
m2 m8 m2 m9 0 0 0 0
m3 0 m9 m3 m10 0 0 0
m4 0 0 m10 m4 m11 0 0
m5 0 0 0 m11 m5 m12 0
m6 0 0 0 0 m12 m6 m13
m7 m14 0 0 0 0 m13 m7

,
(C11)
For notational convenience, let MZ∗ =
(
q r>
r T
)
, where
T ∈ Rn×n, q ∈ R and r ∈ Rn×1. In the rest of this
section we use the notation i to denote i mod n, where
i is an integer. The linear equation corresponding to q
implies that
n∑
i=1
mi = 0. (C12)
For i ∈ {1, 2, · · · , n}, the 2n linear equations correspond-
ing to Ti,i+1 and Ti,i−1 imply
mn+1 = mn+2 = · · · = m2n. (C13)
Now consider the n linear equations corresponding to r.
These equations along with C13 imply
m1 = m2 = · · · = mn. (C14)
8Using C14 along with C12 we have
m1 = m2 = · · · = mn = 0. (C15)
Finally, using the equations corresponding to r again and
C15 we have
mn+1 = mn+2 = · · · = m2n = 0, (C16)
implying that M = 0, as desired.
Appendix D: Dimension for optimal violation of
anti-hole inequalities
Theorem 4. Given an anti-hole non-contextuality in-
equality with an odd number of n measurement events, the
quantum system achieving the optimal quantum bound
must be at least (n− 2) dimensional.
Proof. The value of a non-contextuality inequality
achievable within quantum theory is equal to the Lovász
theta number of the underlying graph G and admits the
SDP formulation (PG). The lower bound on the dimen-
sion of a quantum system achieving the optimal quantum
bound is the rank of the unique primal optimal matrix
X?n =
[
1 ϑ(Cn)n e
>
ϑ(Cn)
n e circ(u)
]
,
where e is the all-ones vector of length n, circ(·) is
the circulant function that takes as input a n dimen-
sion vector and outputs a n × n matrix with the in-
put vector as its top row and every subsequent row
being one place right shifted modulo n and u =
(ϑ(Cn)n ,
n−ϑ(Cn)
2ϑ(Cn)2
, 0, 0, 0, · · · , 0, 0, n−ϑ(Cn)2ϑ(Cn)2 ). Since X?n is
real, its rank over complex field is the same as over real
field, and equals to the number of nonzero eigenvalues
(with multiplicity). Furthermore, a lower bound on the
rank of X?n is given by the rank of the lower right block
matrix (the circulant portion). The eigenvalues of a cir-
culant matrix can be calculated easily using the circulant
vector. A few lines of algebra yields the following expres-
sion for the eigenvalues of the lower right block matrix,
λj =
1
ϑn
+
n− ϑn
ϑn
cos(
2pij
n
)
for j ∈ [n] and ϑn denotes the Lovász theta number for
the holes with odd n. One can see that λj 6= 0 unless
j = n−12 or
n+1
2 . Thus, the rank of the circulant matrix
is n − 2 for all odd values of n. Thus, the lower bound
on the rank of the optimal feasible matrix X? is n − 2
which is same as the lower bound on the dimension of
the desired quantum system.
Appendix E: Complex versus Real SDPs
Lemma 5. Consider a real SDP
sup
X
{〈C,X〉 : X ∈ Sn+, 〈Ai, X〉 = bi (i ∈ [m])} ,
that admits a unique optimal solution X∗ witnessed by a
dual nondegenerate optimal solution Z∗. Then, the SDP
considered over the complex numbers, i.e.,
sup
X
{〈C,X〉C : X ∈ Hn+, 〈Ai, X〉C = bi (i ∈ [m])} ,
(PC)
still admits a unique optimal solution, where 〈X,Y 〉C =
Tr(X†Y ) and Hn+ denotes the set of n × n Hermitian
positive semidefinite matrices.
Proof. First, we show that the study of a complex SDP
can be reduced to an equivalent real SDP. This fact is well
known but we provide a brief argument for completeness.
Indeed, for any feasible solutionX = XR+iXC ∈ Hn+, the
constraint 〈Ai, X〉C = bi is equivalent to two constraints
on its real and imaginary part, namely: 〈Ai, XR〉 = bi and
〈Ai, XC〉 = 0. Furthermore, checking whether XR + iXC
is Hermitian PSD is equivalent to(
XR −XC
XC XR
)
∈ Sn+.
Based on these observations we define the realification of
(PC) as the following SDP over the real numbers:
sup
X,Y
〈C,X〉
s.t. 〈Ai, X〉 = bi (i ∈ [m])
〈Ai, Y 〉 = 0 (i ∈ [m])(
X −Y
Y X
)
∈ S2n+ .
(PR)
Clearly, the solutions of (PC) are in bijection with the
solutions of the realification, and thus, to show that (PC)
has a unique solution it suffices to show that (PR) has a
unique solution. Bringing (PR) into standard SDP form
we arrive at the formulation:
sup
W
(
C/2 0
0 C/2
)
•W
s.t.
(
Ai/2 0
0 Ai/2
)
•W = bi (i ∈ [m])(
0 Ai/2
Ai/2 0
)
•W = 0 (i ∈ [m])
X = Z, Y + Y T = 0,
W =
(
X Y
Y T Z
)
∈ S2n+ ,
(E1)
whose dual is to minimize the function
∑m
i=1 λibi over all
λi, µj , tij , zij satisfying
m∑
i=1
λi
(
Ai/2 0
0 Ai/2
)
+
m∑
i=1
µi
(
0 Ai/2
Ai/2 0
)
+
n∑
ij=1
tij
(
Eij 0
0 −Eij
)
+
n∑
ij=1
zij
(
0 Eij
ETij 0
)
−
(
C/2 0
0 C/2
)
 0.
9We conclude the proof by showing that
(
Y ∗ 0
0 Y ∗
)
is a
dual nondegenerate optimal solution for the realification.
First, by dual feasibility we have Y ∗ =
∑m
i=1 y
∗
iAi−C for
appropriate scalars y∗i . Setting λi = y∗i and all other dual
variables to zero, we have established feasibility. Second,
to show optimality note that
(
X∗ 0
0 0
)
is optimal for the
realification, and furthermore,
(
X∗ 0
0 0
)
•
(
Y ∗ 0
0 Y ∗
)
= 0.
Lastly, to check nondegeneracy consider a symmetric
matrix M =
(
M1 M2
MT2 M3
)
satisfying
0 =
(
M1 M2
MT2 M3
)(
Y ∗ 0
0 Y ∗
)
(E2)
and
0 = M •
(
Ai/2 0
0 Ai/2
)
= M •
(
0 Ai/2
Ai/2 0
)
=
= M •
(
Eij 0
0 −Eij
)
= M •
(
0 Eij
ETij 0
)
.
(E3)
Now, constraint (E2) is equivalent to
M1Y
∗ = M2Y ∗ = M3Y ∗ = 0.
Furthermore, using (E3), from the third equation we get
M1 = M3, from the first one we get 〈M1, Ai〉 = 0 and
from the second one 〈M2, Ai〉 = 0. Summarizing, for all
k = 1, 2, 3 we have that
MkZ
∗ = 0 and 〈Mk, Ai〉 = 0 (i ∈ [m]).
As Z∗ is dual nondegenerate it has the property that for
any M ∈ Sn:
MZ∗ = 〈M,Ai〉 = 0 ∀i =⇒ M = 0.
Putting everything together we get M1 = M2 = M3 = 0.
Appendix F: Not all non-contextuality inequalities
admit self-testing
We have proved that all fundamental non-
contextuality inequalities admit self-testing. A natural
question is whether every non-contextuality inequality
with separation between corresponding non-contextual
hidden variable bound and quantum bound admits self-
testing. Below we provide an explicit non-contextuality
inequality which shows that the answer is negative. In
graph theoretical terms, we identify a non-perfect graph
whose Lovász theta SDP admits multiple primal optimal
solutions. We make crucial use of the following result
[33, Theorem 5] to determine the (non)uniqueness of
primal optimal under strict complementarity, see also
[34].
Theorem 6. Let (X∗, Z∗) be a pair of primal and dual
optimal solutions satisfying strict complementarity.Then,
uniqueness of X∗ implies that Z∗ is dual nondegenerate.
The exclusivity graph of our counter-example is
shown in Figure 4. The corresponding canonical non-
contextuality inequality is given by
6∑
i=1
pi ≤ 2, (F1)
whose quantum bound is equal to
√
5.
Figure 4. The above exclusivity graph corresponds to the
canonical non-contextuality inequality with minimal number
of measurement events which doesn’t admit self-testing.
Consider the pair of primal-dual optimal solutions
Z? =

√
5 −1 −1 −1 −1 −1 −1
−1 1 0 c c 0 c
−1 0 1 0 c c c
−1 c 0 1 0 c 0
−1 c c 0 1 0 1
−1 0 c c 0 1 0
−1 c c 0 1 0 1

, (F2)
where c =
√
5−1
2 and
X? =

1 f f f h f h
f f k 0 0 k 0
f k f k 0 0 0
f 0 k f r 0 r
h 0 0 r h r 0
f k 0 0 r f r
h 0 0 r 0 r h

, (F3)
where f = 1√
5
, h = f2 , k =
5−√5
10 and r =
k
2 . Since
rank(Z∗) = 3 and rank(X)? = 4, strict complementarity
holds. Using Theorem 6, the uniqueness of X∗ implies
dual nondegeneracy. To determine dual nondegeneracy
for Z∗ we (once again) resort to solving system of linear
10
equations. The symmetric variable matrix M is given by
M =

0 m0 m1 m2 m3 m4 m5
m0 m0 m6 0 0 m7 0
m1 m6 m1 m8 0 0 0
m2 0 m8 m2 m9 0 m10
m3 0 0 m9 m3 m11 0
m4 m7 0 0 m11 m4 m12
m5 0 0 m10 0 m12 m5

, (F4)
Solving for the linear systems of equations Z?M = 0,
we get m11 = −m12, m10 = m12, m5 = 1+
√
5
2 m12,
m9 = −m12, m3 = −
(
1+
√
5
2
)
m12, m0 = m1 = m2 =
m4 = m6 = m7 = m8 = 0. For example, if we set
m12 = 1, we can get a consistent assignment of mi, from
i = 0 to 12, which isn’t all zero. Hence, the dual solu-
tion Z∗ is degenerate, which together with strict comple-
mentarity implies that the primal is not unique. Thus
the non-contextuality inequality in (F1) does not admit
self-testing.
We also report that we found several other non-perfect
graphs (and equivalently non-contextuality inequalities)
which do not admit self-testing. Identifying the exact
classes of graphs which admit self-testing will be inter-
esting but we leave that as an open question.
